We discuss the phase diagram of the Shastry-Sutherland model for arbitrary spin S and derive rigorous lower and upper bounds on the phase boundaries of the dimer phase by using various versions of a variational ansatz in combination with the exact diagonalisation method.
I. INTRODUCTION
We study a two-dimensional Heisenberg model with additional frustrating interactions of strength J 1 on every second diagonal bond (see Fig. 1 ) given by the Hamiltonian H = J 2 <i,j>
where S i denotes a spin operator for spin S at site i. The model, commonly referred to as the Shastry-Sutherland model [1] , displays a rich zero-temperature phase diagram as a function of J 1 and J 2 , showing long range ferromagnetic, antiferromagnetic and helical order, as well as short range spin liquid behaviour. Also for large frustrating coupling J 1 the model has an exactly known ground state, built up of uncoupled dimers on the diagonal bonds. It was the existence of this exact ground state, which has first attracted attention to the model.
In the classical limit (S = ∞) of the Hamiltonian (1) the nature of the ground state phases and their boundaries are easily analyzed (see Fig. 2 ). The model shows two long range helical phases for 0 < |J 2 | < J 1 , which are separated by an antiferromagnetic dimer phase along the line 0 = J 2 < J 1 . In the regime |J 2 | > J 1 the ground state is ordered antiferromagnetically for J 2 > 0 and ferromagnetically for J 2 < 0. For J 2 = 0 > J 1 a phase of independent ferromagnetic dimers occurs.
The ground state energy of the helical phase can be found by minimizing the energy of a cluster of only three spins. From this basic three spin entity the ground state of the whole system is constructed. Depending on the initial choice of spin directions one finds a spin helix with a four-fold degenerate direction and with a twist angle of θ = π ± arccos(J 2 /J 1 ) between neighbouring spins [3] .
Away from the classical limit quantum effects transmute the classical antiferromagnetic adjacent to the dimer phase two phases occur, whose nature is still a point of controversy.
dimers for J 1 > 0 into unique singlet dimers and stabilize the resulting dimer phase. In what follows we will often use the variable x := J 2 /J 1 , which is the inverse of the frustration. For S < ∞ and J 2 > 0 the dimer phase occupies a finite region of the phase diagram and at a certain critical value x a c (S) > 0 there is a phase transition of first order [3] to a new phase, whose nature is controversially discussed at the moment. For even larger x the system changes to the antiferromagnetic regime.
In the ferromagnetic region (J 2 < 0) the situation is slightly simpler, since for S = there is a first order phase transition directly from the dimer to the ferromagnetic phase at x = −1. This transition marks one of the exactly known points in the phase diagram.
For S > occupying the regime 0.861 > x > 0.677. In Ref. [6] by an extension of SU (2) to the symplectic groups Sp(2N)
an intervening phase with helical and incommensurate order was found between a dimer phase and a region with collinear commensurate order. Also in Ref. [7] it was found for a two-dimensional model with frustration, that the dimer and the antiferromagnetic phase are separated by an intervening regime, which is characterized as a weakly incommensurate spin density wave. As the simplest possible system we consider a plaquette with four spins (first entry in Fig. 3 ). In this case the energy of the second lowest state, which for growing x is competing with the dimer state, crosses the energy of the dimer ground state at
From what was said above x For a system with 31 sites we thus obtain a best lower bound of 0.5914 for x c (S = 1 2 ). We want to point out, that even for S = , where systems of up to 31 spins were calculated, it is difficult to make a good finite size analysis with the results of the finite clusters, because not only the system size, but also the shape of the cluster influences the ground state energy. On these grounds the significance of the recent estimate of x c (S = 1 2 ) = 0.7 ± 0.01 in Ref. [9] , which was obtained by an extrapolation of three systems with different shapes, appears questionable.
To show the tendency of a possible extrapolation we plot in Fig. 4 , 2 are given in Fig. 3 . , 2.
Let us now consider the ferromagnetic regime. We find, that the dimer state of a four spin plaquette is the ground state for x ≥ −
2S
which implies
This bound is exact for S = we again find an improvement on the result of the four spin system by considering larger clusters. Some results for S = 1, 3 2 , 2 are shown in Fig. 3 . ) for the systems shown in Fig. 3 plotted versus 1/ √ N . The dotted line connects the results for N = 12, 24 sites, but should not be taken as an exact lower bound.
III. UPPER BOUNDS ON x a c AND ON −x f c
Upper bounds for the stability of the dimer phase can be obtained by considering a variational ansatz for finite clusters. We only briefly sketch the idea here, since it is widely used in the literature (see e.g. Ref. [10] and references therein).
The Hamiltonian is split into clusters without common spins and external bonds connecting the clusters,
as indicated for four site clusters in Fig. 5 For a four spin plaquette and arbitrary spin S we thus find
For stripe configurations of the type 2 × In the limit S → ∞ the upper bound (7) derived from the four spin system does not provide the correct behaviour expected for the classical Heisenberg model. We can however find another bound, which yields a better upper limit for S > 1 by using a helical product state as a variational state.
The ground state energy for S = ∞ in the helical phase [3] is given by
where the angle between two neighbouring spins is θ = π ± arccos(J 2 /J 1 ) and the length of the spins is normalized to 1. We consider as variational ansatz a system of (quantum) spins polarized along the directions of the classical spins. Comparing the expectation value of this state with the energy of the dimer state we find
from which
results as a criterion for the instability of the dimer state. Thus for x > 1/ √ 2S the dimer state is no longer the lowest state, because the helical product state has a lower energy.
Since the ground state energy of the helical state does not depend on the sign of J 2 Eq. (10) also gives an upper bound on −x f c in the ferromagnetic regime.
IV. SUMMARY
In this paper we have discussed the phase diagram of the Shastry-Sutherland model for arbitrary spin S. In the regime J 1 < |J 2 | the phase diagram for the quantum models (S < ∞) ) and from the finite systems shown in Fig. 3 for S ≤ 2. In the ferromagnetic regime we have a lower bound (
) from the helical ansatz, which is shown together with the upper bounds obtained from the largest tractable finite clusters (Fig. 3) .
The intervening phase on the ferromagnetic side extends down to x = −1 (bottom of Fig. 8) where the ferromagnetic regime begins for all S.
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